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The term “quantum gravity” plays a quite magic role in modern theo¬ 
retical physics. All the major problem troubling our understanding of the 
nature in extreme conditions, like the cosmological constant problem, the 
problem of the Big Bang (or the problem of initial conditions for inflationary 
cosmological scenario), the problem of black hole evaporation, etc. are all 
supposed to disappear, or become finally resolved once this Holy Grail of 
modern physics becomes understood. In recent years, thanks to the rapid 
developments in many approaches to the problem [|I| (superstrings theory, 
loop variables, lattice quantum gravity, and functional approach): we see 
some shapes of the ultimate theory (or theories) that, in principle, could be 
checked against some experimental (mostly cosmological) data and general 
theoretical understanding of the nature. 

In the recent papers p|, 0] we investigated a scheme of quantization of 
pure gravitational field based on the traditional Wheeler-De Witt approach. 
The results of these papers can be summarized as follows: 


1. We choose the standard ordering of the diffeomorphism constraint, to 
wit 

I^a = Vb7r“'. (1) 

This makes the states being (compact) space integrals of scalar densities 
manifestly diff-invariant. 


2. As for the hamiltonian constraint (Wheeler-De Witt operator), we 
write it in the regularized form with an additional term responsible 
for ordering ambiguity: 

/ dx' Gahcd{.x')K{x,x']t) \ \ + 

J ohab[x) dhcd[x') 

+ i^lhab + i^2habR + ^sRab)) (^)t7-TW H ^\/Tl{R + 2A), (2) 

where 


K{x, x'\ t) 


exp (-RNab{x){x - x'Y{x 



K{x, t) 


with K{x,t) being a power series in t vanishing at t = 0. Using the 
fact that t has dimension we make the following expansion for K 
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(3) 


and Nab 


K{x,t) = ^ + aotR + + biRabR'^'^) + ..., 

Nab{x) = hab + ‘2't{AoRab + -Bo^a6-R) + 

+ 2t^(BiR'^Rcb + AiRabR + CihabR^ + DihabR^'^Rcd) + • • •, (4) 

where ... denote the higher order terms, a, b, A, B, C Ai, A 2 , A 3 are the 
free parameters which in the paper [Q we hxed by the reqnirement that 
the constraints algebra is anomaly-free and that the WDW operator has 
a maximal nnmber of possible solntions. 

3. We then solve the resnlting eqnation taking the ansatz that the wave- 
fnnction of the nniverse is a fnnction of the volnme of the space V = 
/ y/hdx and the average cnrvatnre R = J y/hRdx. 

4. Given the wavefnnctions spanning (part of) the space of solntions, we 
seek their interpretation making nse of the qnantnm potential approach 
to qnantnm theory |^. 

In the present paper we basically repeat these step^ in the case of the 
qnantnm gravity conpled to the scalar held. The necessary modihcations 
consist of additional terms in diffeomorphism and hamiltonian constraints. 
In the former case we again nse the natnral ordering gnaranteeing that space 
integrals of scalar densities are diff-invariant. As for the Wheeler-De Witt 
eqnation, we add to (|^) a regnlarized and arbitrarily ordered kinetic term 



with W{x,x',s) being constrncted basically by replacing powers of Rab in 
K{x^ x't) with powers of Va^V?,^ (with cj) in nnits of the bare Planck mass), 
along with the potential terms 




( 6 ) 


^We do not address the issue of anomaly, though. The reason is that the experience 
with purely gravitational case shows that if solutions exist, then in their neighborhood, at 
least, there is no anomaly. 
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In what follows we will consider only the massless scalar held. The reason 
is that we are considering a theory which is supposed to be an ultimate 
theory of the nature and thus we should keep the minimal possible number 
of coupling constants. We hope that some solutions will describe the massive 
scalar held. 

Let us turn now to the renormalization problem. Clearly, the action of 
the Wheeler-De Witt operator on a states being a function of integrated 
scalar densities gives as a result a series containing both positive and nega¬ 
tive powers of t. To renormalize, we make use of the analytic continuation 
proposal of Mansheld 0 which results with replacing all positive powers of t 
by zero and negative powers by the renormalization constants In 
what follows we will make use of the following formulas for coincidence limit 
of the regulators. 


K{x,x)ren = R 

{n,.K(x. + (.4„ + 3B„ - 


+ 


(^0 + 3i?o)ao + + SCi — -Oi 


+ (5i + 3/^1 - -h)Ric^p^^^ 


W{x,x) = p® -I- 




(35o + ^o)(^o + 3Ci + Ai — —Oi 


K"(V0)V'^ + (35l-2^l)«^'(Va0Vfe(/.)V') 


S{x) = siD(j) 

We choose our wavefunction to be of the form 


^ (7) 

with 

n = J VhR, R = I \/hfi(j)), V = I \4(V0)^ 

where /(0) is at this stage an arbitrary function. Clearly this wavefunction 
is diheomorphism-invariant. Substituting this form to the WDW equation 
(H), we obtain a number of independent terms whose coefficients are to van¬ 
ish. These coefficients, in turn, depend on a,/3,7 and the parameters of the 
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regulator which will become hxed in the process of solving of the equation. It 
should be observed that since every regulator corresponds, in principle, to a 
distinct quantum theory we effectively consider only those theories of quan¬ 


tum geometry that possess as a solutions the class of states of the form (J^). 


Now the procedure is rather straightforward. We present it term-by-term: 

1. From the i?a6Va0V^0 term we hnd 



( 8 ) 


2. From terms involving we get 



(9) 


3. All other terms involving four derivatives give relations which can be 
solved to express higher order coefficients in terms of the lower order 
ones. Since these coefficients do not appear in what follow we will not 
present the resulting equations explicitely. The only exeption is the 
coefficient of i?(V 0 )^ term which gives 


4A2 + A3 -|- — 0 


( 10 ) 


Consider now terms containing R and Rf. Since / is an arbitrary func¬ 
tion, the coefficients multiplying these terms must vanish separately. 

We hnd again condition for A 2 and A 3 which together with (13) gives 



( 12 ) 


( 11 ) 


and the equation 
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( 13 ) 


Next let us turn to terms containing (V0)^. One gets the following dif- 


ferential equation 

f -n^f = F 

(14) 

where 



= 

1 7 SciK^ 

2 dopd) 8ao 

(15) 

F = 


(16) 

Thus 

/ = + Be"'^ - T = ^ 

(17) 


To complete solving WDW equation we write down all the remaining terms 
in the form of a single equation. 

It reads 


Consider first the part nonlinear in /q. We get 

f- Iff = 0 (19) 

from which we obtain the condition 

= -^2 ( 20 ) 
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and the additional constant piece ^o^k^AB. Now we consider terms linear 
in /o from which we hnd an expression for a. 

The last equation gives an expression of the form 

Q? AB = const (21) 


which gives 


aB 


C 

aA 
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( 22 ) 



Thus our final result for the wavefunction (after rescaling A by a) is of 
the form 




exp 

exp 


— 8(y4o + 3Bq — - 
exp J d^x 


ao)p®+4Ai) V 


exp 






A 



(23) 


with V = / d^xy/h being the volume of spaces. 

This equation completes our construction of solutions of WDW equation 
for quantum gravity coupled to massless scalar field. 


Let us conclude this paper with some comments. 

1. We found a class of solutions parametrized by an arbitrary complex 
constant A. Since the system is linear, any complex combination of 
solutions is a solution again and we may seek interpretation of such 
solutions making use of the quantum potential approach (as in p.) 

2. The same procedure will make it possible to discuss in full the problem 
of renormalization. Our wavefunction (|23|) depends on both bare cou¬ 
pling parameters {k and A) and the arbitrary renormalization param¬ 
eters p. In quantum potential approach one obtains the corresponding 
classical evolution modified by additional quantum terms. Thus it is 
possible to relate these both sets of parameters to the physical gravi¬ 
tational and cosmological constants and to derive the low energy mass 
of the scalar field. 

3. As a rule the quantum corrections in the quantum potential approach 
is nonlocal (depending on the volume of space V, average curvature 
TZ, etc.) This means that the effective constants of the theory depend 
on global properties of space. It is likely that this approach may shed 
some light on the problem of the origin of the infiaton field and the 
cosmological constant problem. All these questions will be discussed in 
the forthcoming paper. 
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